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SOLAR RADIATION PRESSURE END-OF-LIFE DISPOSAL FOR
LIBRATION-POINT ORBITS IN THE ELLIPTIC RESTRICTED
THREE-BODY PROBLEM
Stefania Soldini∗, Camilla Colombo† and Scott J. I. Walker ‡
This paper proposes an end-of-life propellant-free disposal strategy for Libration-point orbits
in the elliptic restricted three-body problem as an extension of a preliminary study performed
inthecircularproblem. Thespacecraft isinitiallydisposed intotheunstable manifoldleaving
the Libration-point orbit, before a reﬂective sun-pointing surface is deployed to enhance the
effect of solar radiation pressure. This allows closing the pulsating zero-velocity curves at
the pseudo Libration-point, SL2 such that, the consequent increase in energy prevents the
spacecraft returning to Earth. An energy approach is used to compute the required area for
the Hill’s curves closure at the pseudo Libration-point SL2, via numerical optimisation. The
Gaia mission isselected as an example scenario since a low deployable area is required in the
circular case. Guidelines for the end-of-life disposal of future Libration-point orbit missions
are proposed.
INTRODUCTION
Libration-Point Orbits (LPOs) are often selected for satellite missions studying the Sun and the Universe.
Current example LPO missions include SOHO,1 which studies the Sun’s outer corona and the solar wind,
and Herschel,2 which investigates the formation of galaxies. The European Space Agency (ESA) also just
succeeded in launching a new space telescope, Gaia, into a LPO,3 while NASAs James Webb Space Tele-
scope, planned for launch in 2018, will provide astronomical data to understand the formation of galaxies,
stars, planets and life from an LPO. Future LPO missions include Euclid, which will map the geometry of
the dark Universe. Orbits aroundthe Librationpoints L1 and L2 of the Sun-Earthsystem are advantageousas
they can be relatively easily reached from the Earth and, since a constant geometry is ensured with respect to
the Sun and Earth, they are an excellent location from which to make deep space observations. There are also
satellite subsystem advantages such as the ease of communication to the Earth and in the thermal subsystem
design. However, they lie in highly perturbed regions; therefore, an uncontrolled spacecraft would naturally
follow the unstable manifold and after several years could cross the protected regions at the Earth and the
L1/L2 regions. In addition, since LPO spacecraft are characterised by large dry masses, on the order of 103
kg, it is critical to clear these regions once the mission has ended.
This paper proposes an End-Of-Life(EOL) disposal option towards the outer part of the Earth-Sun system
exploiting Solar Radiation Pressure (SRP).4 This strategy was developed as part of an ESA study on EOL
disposal concepts for Lagrange-Point and Highly Elliptical Orbit Missions.5,6 Olikara et al.7 initially pro-
poseda disposaloption, whichinjects the spacecrafttowardsthe inneror the outersolar system andcloses the
Hill’s surfaces though a ∆v manoeuvre. Their analysis was performedin the Circular Restricted Three-Body
Problem (CR3BP) under the observation that the overall return trajectories in the full-body ephemerides are
are well represented by their three-body approximation. In a previous work, an alternative disposal strategy
was investigated that allows the closure of the zero-velocity curves in the CR3BP by means of SRP.4 In this
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1case, the spacecraft is disposed at the EOL onto the unstable manifold leaving the LPO from L2. Then, a
SRP-enhancing device is deployed to close the curves and, thus, prevent the spacecraft’s return to the Earth,
therefore protecting the L2 region. This strategy can be achieved through a sun-pointing auto-stabilised de-
ployable structure, such as light reﬂective surfaces that were already proven for attitude control applications
(e.g., GOES’s solar sail8), with the advantage of saving propellant.
An energy approach is used to compute the condition for the closure of the Hill’s curves at SL2 (e.g., the
pseudo Libration-point L2 when SRP is added9) by increasing the energy of the system and the reﬂective
deployable area required for the EOL curves-closure is thus determined.4 As a term due to SRP is added
to the energy, the shape of the potential surface changes and the required reﬂective area is computed via
numerical optimisation, imposing the condition for the curves closure, that is, the augmented energy equals
the energy at SL2. After the closure, the spacecraft is bounded in its following motion at the further side of
L2 with respect to the Sun of the pseudo point to guarantee that the spacecraft squared velocity is positive.
It was also demonstrated that the spacecraft cannot be conﬁned towards the inner solar system and that the
disposal through SRP can only be performed at SL2.4
ThreeESA missions were selected as scenariosin the CR3BP analysis: Herschel, SOHO andGaia. Results
showed that the area required is lower if the deployment is performed further away from the Sun. Moreover,
higher initial energy requires a larger deployed area at a ﬁxed distance from the Sun.
The aim of this study is to ﬁnd the reﬂective area required for the disposal. Once the area is found, we
want to investigate if speciﬁcally designed deployable reﬂective areas must be designed. Or, alternatively,
if it is possible to exploit some existing reﬂective deployable areas such that at the End-Of-Life (EOL), the
spacecraft’s original conﬁguration is changed to achieve the zero-velocity curves closure.
In this article, the effect of the Earth’s eccentricity for the Gaia mission is investigated for robustness
assessment in the proposed disposal strategy. Indeed, Campagnola et al.10 demonstrated that small perturba-
tions in the CR3BPs due to the Earth’s eccentricity affect the closure of the zero-velocity curves and Hyeraci
and Topputo11 investigatedthe same effect in the ballistic capture trajectories. Instead, this paper investigates
how the effect of the true anomaly affects the EOL disposal enhanced by SRP. Therefore, a deployable area
margin is needed when including the Earth’s eccentricity effect. This requires the Elliptic Restricted Three
Body dynamics with the effect of SRP (ER3BPs)12,13 to be modelled to derive the transformation from a
sidereal frame in dimensional coordinates to the synodic frame in non-dimensional and pulsating coordi-
nates, to compute the unstable manifold and to deﬁne the energy in the synodic system. Finally, guidelines
for EOL disposal of future LPO missions are proposed. Through this strategy, any existing area deployable
structures on-board the spacecraft can be exploited by deploying an additional area such as solar panel ﬂaps
or a modiﬁed sunshield geometry.
The paper is organised as follow: the equations of the dynamics, the orbital energy and the conversion
from ephemeris to elliptic models are shown in Section II. Section III focuses on the description of the EOL
disposal strategy enhanced by SRP, while the correspondent derived equations are presented in Section IV.
An overview of Gaia’s mission and the area-to-mass ratio required in the CR3BPs are given in Section V. A
sensitivity analysis on the unstable trajectories is done as a function of the injection ∆v and its orientation
angles as shown in Section VI. Section VII shows the requiredarea-to-mass ratio along the selected manifold
and the area margin needed to guarantee the closure of the zero-velocity curves for several years.
ELLIPTIC RESTRICTED-THREE BODY PROBLEM
Inapreviousworktherequirementsfortheclosureofthezero-velocitycurvesweredeﬁnedintheCR3BPs.4
It is of interest here to verify how the effect of the Earth’s eccentricity affects the area needed for the clo-
sure of the zero velocity curves. The dynamics of the Elliptic Restricted Three-Body Problem (ER3BP),
with the effect of solar radiation pressure, for a sun-pointing(ER3BPs) reﬂective surface are written in a non-
dimensional,non-uniformlyrotatingandpulsatingreferenceframe,12,13 wherethemotionof theEarth+Moon
around the Sun is described by an ellipse under the two-body problem approximation:
2r =
a(1 − e2)
(1 + ecosf)
. (1)
In Eq. (1), a is the semimajor axis, f is the true anomaly and e is the eccentricity of the Earth+Moon
barycentre with respect to the Sun. A coordinate system that rotates with the variable angular velocity ˙ f is
introduced. The angular velocity is given by Kepler’s third law as:
df
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= ˙ f =
h
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1
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2
, (2)
where, h is the angular momentum, ˜ µ is G · (MSun + MEarth+Moon) and G is the constant of gravitation.
Thus, the equation of motions for the non-dimensional synodic frame are:12



x′′ − 2y′ = ωx − ωsx(x,y,z,β)
y′′ + 2x′ = ωy − ωsy(x,y,z,β)
z′′ = ωz − ωsz(x,y,z,β)
(3)
where, the symbol ′ denotes the derivation with respect to the true anomaly (i.e. pulsating coordinates)
and x, y and z are the spacecraft’s coordinate (non-dimensional) in the synodic frame centred in the Sun-
Earth+Moon barycentre. ω is the total potential function of the system and it is deﬁned as:
ω =
Ω
1 + ecosf
Ω = Ω′ −
1
2
(1 + ecosf)z2 (4)
with Ω′ as:
Ω′ =
1
2
(x2 + y2 + z2) +
µSun
rSun−p
+
µEarth
rEarth−p
. (5)
In Eq. (5), rSun−p and rEarth−p are, respectively, the spacecraft’s distance from the Sun and the Earth:
rSun−p =
 
(x − xSun)2 + y2 + z2 (6)
and
rEarth−p =
 
(x − xEarth)2 + y2 + z2. (7)
In non-dimensionalcoordinates, xSun = −µ is the position of the Sun and xEarth = 1−µ is the position of
the Earth+Moon barycentre. The primaries unit masses are deﬁned as µEarth = µ and µSun = 1−µ where,
µ =
mEarth+Moon
MSun+mEarth+Moon is the mass parameter of the Sun-(Earth+Moon)system, equal to 3.04042·10−6. In
Eq. (3), −ωsx, −ωsy and −ωsz are the SRP accelerations. For a sun-pointingdeployable area, SRP is written
as a potential energy as:
ωs =
Us
1 + ecosf
Us = β
µSun
rSun−p
(8)
where, β = σ
∗
σ is the lightness parameter and it is a function of the area-to-mass ratio and the Sun luminosity
LSun as σ = m
A and σ∗ = LSun
2πcµSun = 1.53 [g/m2] with c the speed of light.14 β is deﬁned within the range
of 0 (i.e. no SRP effect) and 1 (i.e. SRP counteracts the gravitational effect of the Sun). It is also convenient
to express β as a function of the area-to-mass ratio of the spacecraft and its reﬂective coefﬁcient cR:
β = Psrp−1AU
r2
Earth−Sun
µSun
A
m
cR, (9)
where, Psrp−1AU is the Sun pressure at 1 AU.
Moreover, the transformation that converts dimensional coordinates (rd and ˙ rd) in the synodic frame from
the non-dimensional pulsating coordinates (r and r′) is given by
3 
rd = r · r
˙ rd = r′ · r ˙ f
. (10)
A similar approach that is used for the CR3BPs can be adopted to ﬁnd the position of the pseudo Libration
point for a sun-pointing reﬂective area in the ER3BPs starting from Eq. (3) and setting the velocities and
accelerations equal to zero. The ﬁve equilibrium points in the ER3BPs have the same coordinates of the one
in the CR3BPs;12 thus, the equations holds for the ER3BPs. The reason for the invariance of the position of
the Libration points in the synodical system is that in Eq. (3), when the velocities and accelerations are zero,
it is possible to separate the variables as a function of the true anomaly from the other variables.12 Figure 1
shows a trajectory for Gaia departing from the operational LPO when the Earth+Moon is at the perigee with
respecttotheSunandintegratingEq. (3) for15years. Fromthisﬁgureit canbeseenthatthereis aperiodicity
in the trajectory as the spacecraft returns close to the Earth every 15 years for this speciﬁc trajectory leg. The
spacecraft’s position in correspondence of when the Earth+Moon barycentre is at their perigee or apogee is
also shown along the trajectory.
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Figure 1: Gaia’s trajectory evolution when leaving the orbit in correspondenceof when the Erath+Moon are
at their perigee and propagating for 15 years.
Orbital energy with the effect of the Earth’s eccentricity, zero-velocity curves and forbidden region
Due to the non-autonomous nature of the ER3BPs, the dynamics does not allow the use of the Jacobian
integral. Thus, the energy in the ER3BPs15,10 is a function of two integral, I1 and I2:
¯ Ee(x,y,z,x′,y′,z′) =
1
2
(x′2 + y′2 + z′2) + ¯ U(x,y,z) ¯ U(x,y,z) = −ω +
1
2
I1 +
1
2
I2 (11)
where, ¯ U(x,y,z) is the total potential energy and ω is deﬁned as in Eq. (4). The two integrals, I1 and I2, are
deﬁned as:
I1 = 2e
  f
0
Ωsin ˜ f
(1 + ecos ˜ f)2d ˜ f I2 = e
  f
0
z2 sin ˜ f
1 + ecos ˜ f
d ˜ f. (12)
4The total energy with the effect of SRP is deﬁned as:
Ee(x,y,z,x′,y′,z′,β0) = ¯ Ee(x,y,z,x′,y′,z′) + ¯ Us(x,y,z,β0), (13)
where β0 is the initial contribution of SRP before the deployment and ¯ Us is deﬁned as
¯ Us = ωs −
1
2
Is1 Is1 = 2e
  f
0
Us sin ˜ f
(1 + ecos ˜ f)2d ˜ f. (14)
The zero-velocity curves for a Sun-pointing area are given by the intersection of the energy of the spacecraft
with the total potential ¯ U(x,y,z) in Eq. (11) plus the contribution of SRP given by Eq. (14). The aim
here is to close the zero-velocity curves at the pseudo Libration point, SL2, in order to safely dispose the
spacecraft into a graveyard orbit around the Sun. Moreover, it is of interest to verify that after the curves
closure the motion is still permitted and, therefore, it is convenient to give the deﬁnition of the boundaries in
the forbidden region as:
Je < J
∗
e, (15)
where, Je and J∗
e are respectivelythe Jacobyand the critical Jacobyconstants, which are relatedto the energy
of the system as Je = −2Ee. In particular, J∗
e is reached when the velocity is zero. However, it is more
convenient, from a numerical point of view, to look at the sign of the squared velocity after the deployment
in order to identify the forbidden region since both the spacecraft and SL2 energies are oscillating. Details in
the disposal constraints and conditions will be presented later.
When the true anomaly identiﬁes the perigee (f = 0) or the apogee (f = π), the two integrals vanish in
Eq. (12-14). Now considering the case of Gaia for a departing trajectory, where the Earth+Moon is at the
perigee f = 0, the Jacoby constant of the spacecraft and the SL2 are displayed in Figure 2. It is possible
to note that the oscillation amplitude of SL2 is ﬁxed since its position is ﬁxed, instead the Gaia spacecraft
energy shows a periodic change in the amplitude due to its distance from the Sun that is maximum after 5
years, see Figure 2 at ∆Jmax. Figure 3 displays a simulation along the same trajectory but over 30 years.
An example of zero-velocity curves in correspondence at each epoch when the Earth+Moon is at the perigee
and apogee along the trajectory are shown in Figures 3a and 3b respectively, where the worst condition with
respect to the zero velocity curves is when the Earth+Moonis at the perigee since the curves are more opened
in SL2. The perigee and the apogee condition of Figure 3 corresponds to the circles and the stars of Figure 1
and Figure 2.
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Figure 2: Jacoby constant of Gaia and SL2 along a trajectory departing when the Earth+Moon is at the
perigee and propagating for 15 years in the ER3BPs: zoom from 3 to 6 years.
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(a) Zero-velocity curves when the Earth+Moon
barycenter is at the perigee.
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Figure 3: Gaia zero-velocity along a departing manifold at the Earth+Moon perigee for 30 years.
Conversion from the dimensional sidereal system to the dimensionless synodical system in the ER3BP
Starting from an orbit described by a sidereal system in dimensional coordinates it is possible to ﬁnd the
correspondent non-dimensional coordinates in the ER3BPs synodical system (x) as follows. The pulsating
and dimensionless positions in the rotating systems are
x = Cri
xi
r
, (16)
where, xi are the dimensional sidereal coordinates and r is deﬁned in Eq. (1). For small inclination of the
ecliptic, the rotational matrix is deﬁned as:
Cri(t) =


cos(f + ˜ Ω + ˜ ω) sin(f + ˜ Ω + ˜ ω) 0
−sin(f + ˜ Ω + ˜ ω) cos(f + ˜ Ω + ˜ ω) 0
0 0 1

, (17)
which is function of the true anomaly f of the Earth+Moon around the Sun, the longitude of the ascending
node ˜ Ω and the argument of perigee ˜ ω. The velocity expressed in the synodical system is given by deriving
Eq. (16) as16
˙ x = Cri
˙ xi
r
+ ˙ Cri
xi
r
+ Crixi
d
dt
1
r
, (18)
where, the derivative of the rotating matrix, ˙ Cri, is:
˙ Cri(t) =


−sin(f + ˜ Ω + ˜ ω) cos(f + ˜ Ω + ˜ ω) 0
−cos(f + ˜ Ω + ˜ ω) −sin(f + ˜ Ω + ˜ ω) 0
0 0 0

 ·
 
df
dt
+
d˜ Ω
dt
+
d˜ ω
dt
 
. (19)
In the case analysed, the variation of ˜ Ω and ˜ ω due to the perturbations are very small so their derivatives can
be ignored. Whereas, the derivative in f must be included and ˙ f has been deﬁned starting from the actual
angular velocity of Gaia as:
ω =
rEM−Sun × vEM−Sun
  rEM−Sun  2 (20)
where, ˙ f is the third component of ω as:
˙ f = ωz. (21)
6Indeed, the angular velocity in Eq. (2) compared with Eq. (20) and Eq. (21) is an approximation that
introduces an error in the estimation of vy if used in the conversion. Thus, when transforming from an
ephemeris model to the elliptic approximation, it is fundamentally necessary that Eq. (20) and Eq. (21) are
used in the propagation. The derivative of the dimensionless coordinate is:
d
dt
1
r
= −
a(1 − e2)esinf ˙ f
(1 + ecosf)2r2 . (22)
Thus, the velocity transformation is now:
˙ x = Cri
˙ xi
r
+ ˙ Cri
xi
r
− Crixi
a(1 − e2)esinf ˙ f
(1 + ecosf)2r2 . (23)
Finally, in order to have derivatives with respect to f it is necessary to deﬁne ˙ f as in Eq. (2) and derive them
as:
dx
df
= x′ =
dx
dt
dt
df
. (24)
The velocity in pulsating coordinate is now:
x′ = Cri
˙ xi
r ˙ f
+ ˙ Cri
xi
r ˙ f
− Crixi
a(1 − e2)esinf
(1 + ecosf)2r2. (25)
The ephemeris of Gaia in a sidereal reference frame in dimensional coordinates17 was transformed to synod-
ical non-dimensional coordinates in the osculating R3BP.16,18 This full body transformation was compared
to the one in the ER3BP and the result can be seen in Figure 4. The two solutions were compared when the
spacecraft performs one year of its orbit from 1/4/2019 to 1/4/2020 which is within the disposal window for
Gaia. It is important to note that the ER3BPs is a good approximationof the high ﬁdelity model as shown for
Gaia’s position and velocity as shown in Figures 5a and 5b, respectively.
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Figure 5: Comparison of High-ﬁdelity and ER3BP models of Gaia’s state vectors in a synodic system from
1/4/2019 to 1/4/2020: (Earth+Moon)-Sunbarycentre.
END-OF-LIFE DISPOSAL THROUGH SOLAR RADIATION PRESSURE
To design a strategy that enables the solar radiation pressure to be used to close the zero velocity curves
at SL2, we need to compute the unstable manifold towards the outer part of the system. The selection of the
manifold will be discuss later. A number of trajectories which belong to this unstable tube (Figure 6a) are
selected with their initial condition close to the LPO. Then, a series of points P1 along each natural trajectory
legs are selected (Figure 6b), where a sun-pointing reﬂective surface is deployed (Figure 6c). This allows
the closure of the zero velocity curves at SL2. Note that, as visible from Figure 6a and Figure 6b, without
any manoeuvre the trajectory would return after a certain period of time to the vicinity of the Earth. The
trajectories evolution after the deployment of the SRP enhancing device was veriﬁed by computing the new
trajectorylegs with theaddedeffectof β (Figure6d). Inthe CR3BPs, it canbe veriﬁedthat in correspondence
of any point P2 of the following evolution, the zero velocities curves are closed (see dashed line in Figure
6d). By enhancing the effect of SRP, the energy of the system was changed without any propellant costs.
Afterwards, the energy does not change along the resulting trajectory. It is interesting to note that, with
respect to the strategy proposed by Olikara et al.7 in the CR3BP, here the energy is increased rather than
decreased.
Figure 6 shows an example of the SRP disposal strategy for a two dimensional case. The time used for
the manifold evolution is about 400 non-dimensional time units; which corresponds to 63.5 years. As can
be seen from Figure 6a, the disposal strategy to inject the spacecraft towards the unstable manifolds without
providingany∆v toclosethe zerovelocitycurvesis unsafe. Indeed,the disposedspacecraftcouldrepresenta
potential hazard to other operating spacecraft in LPOs or to the Earth; hence this approach is not sustainable.
The highlighted trajectory in Figure 6a (bold black line) shows that after 63.5 years the spacecraft, which
was previously disposed to the unstable manifold, will encounter the Earth and L2 regions since the zero-
velocity curves have a trajectory gateway at L2. Instead, after the EOL device is deployed (Figure 6b), the
zero velocity curves are closed (Figure 6c). Finally, even if the L2 LPO region is not completely protected
(Figure 6d), the probability of crossing close to L2 is now lower.
ENERGY APPROACH IN THE ELLIPTIC RESTRICTED THREE BODY PROBLEM WITH SO-
LAR RADIATION PRESSURE (ER3BPS)
An energy approach in the ER3BPs is investigated here that builds on the work previously developed for
the CR3BPs.4 The spacecraft is injected on a graveyardorbit aroundthe Sun-Earth+Moonsystem leaving the
LPO and it is equipped with a deployable EOL device. The effect of the EOL device deployment increases
the energy of the system in order to close the zero velocity curves at the pseudo libration point, SL2 by
preventing the spacecraft to cross the LEO and GEO protected regions or to avoid Earth’s re-entry. This
device is conﬁgured to be Sun-pointing and auto-stabilised, so the SRP force can be written in a potential
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Figure 6: End-of-life disposal manoeuvre at 68.04 days since the manifold injection, with 63.5 years of
trajectory evolution, in the CR3BPs.
energy form.19 The effect of SRP is considered since the injection into the manifold and then the minimum
area requiredis computedas a changein the SRP effect dueto, forexample,the deploymentof reﬂectiveﬂaps
from the original spacecraft sunshade conﬁguration. When taking into account of the effect of the Earth’s
eccentricity,a similar approachto the CR3BPs is adopted. When a near-perfectreﬂective surfaceis deployed,
the energy increases to:
E(x,y,z,x
′,y
′,z
′,β0,∆β) = ¯ E(x,y,z,x
′,y
′,z
′) + ¯ Us(x,y,z,β0) + ¯ Us(x,y,z,∆β) (26)
where, β0 represents the nominal spacecraft conﬁguration and ∆β the effect of the additional area. By
expressing all the terms in Eq. (26), it can be rewritten as:
E(x,β0,∆β) =
1
2
V
2 −
Ω − Us(β0 + ∆β)
1 + ecos(f)
+ I1 − Is1(β0 + ∆β) + I2, (27)
for the ER3BPs. Where, V is the magnitudeof the spacecraftvelocity{x′,y′,z′} alongthe manifolds(before
the deployment β = β0, in Eq. (3)). In order to ﬁnd the minimum area required to close the zero velocity
curves at SL2, it is necessary to satisfy the following constraint:
E(xSL2,β0,∆βmin) = E(xP1,β0,∆βmin) (28)
where, xSL2 = {xSL2,0,0,0,0,0} is the position of the collinear Lagrange point with SRP.
9From the numerical point of view, the boundaries of ∆β required during the optimisation are 0 and 1-β0.
If we compare this strategy with the strategy by Olikara et al,7 where a traditional ∆v manoeuvre is used to
close the curves in the CR3BP, the energy here is increased, as shown in Figure 7 (dash black line), rather
than decreased since, due to the effect of SRP, the shape of the potential energy is changing. Figure 7 was
constructed using a value of µ of 0.3 to aid visualisation. It was already investigated that the condition of
curve closure with SRP is possible at SL2 since, after the deployment the spacecraft, is always at the right
side of the zero velocity curves. This was demonstrated for the CR3BPs in ref 4.
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Figure 7: Due to the effect of a deployable area, the energy of the system increases (black dash curves) to
reach the energy of SL2 (black horizontal dash line). For clarity this ﬁgure is made for µ = 0.3.
Disposal constraints
To identify the forbidden region in the ER3BPs, it is more convenient to look at the sign of the squared
velocity of the spacecraft after the deployment,
V 2
new = 2
 
E(xSL2,β0,∆βmin) +
Ω − Us(β0 + ∆βmin)
1 + ecos(f)
− I1 + Is1(β0 + ∆βmin) − I2
 
, (29)
rather than compute the oscillating critical Jacoby constant (J∗
e) along the trajectory. Thus, the condition to
not be in the forbidden region can now be expressed as
V 2
new > 0. (30)
A further condition is added such that the trajectories are discarded if within six months the x component
of the spacecraft position is lower than the minimum distance from the LPO such as
x(tot6months) > min(xLPO). (31)
GAIA MISSION
Gaia was recently placed in a Lissajous orbit aroundL2 and its mission objective is to providea 3D map of
our galaxy.3 For the EOL analysis done in the CR3BPs, several trajectories were selected along the Lissajous
orbit, from 5.59 to 6.1 years since the start of the mission; each initial injection corresponds to Gaia crossing
the x-z plane. Each unstable trajectory is obtained by integrating forward in time over 6 years. The time step
selected along the trajectory leg is 0.05 in non-dimensionalunits, which, corresponds to 2.89 days. Figure 8a
represents the required area-to-mass ratio at the EOL. With respect to Herschel, the maximum area required
is lower since Gaia has a lower total mass than Herschel. Consequently, the trend in the equivalent ∆veq is
also lower (see Figure 8b). The SRP equivalent ∆veq quantiﬁes how much theoretical ∆v is needed for a
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Figure 8: Gaia area-to-mass ratio, equivalent ∆veq and ∆v for the closure in L2 with traditional propulsion
in the CR3BPs.
traditional propulsion system to augment the energy of the spacecraft to reach the same energy level allowed
by the use of a reﬂective SRP enhancing device. Note that, it cannot be effectively achieved by a propulsion
system since the effect of SRP changes the shape of the potential, which is not possible with a traditional
propulsion-based approach and its expression in the CR3BPs is:
∆veq = Vnew − V =
 
V 2 + 2∆β
µSun
rSun−p
− V. (32)
The minimum required area-to-mass ratio is 0.135 m2/kg and the maximum ratio is 15.98 m2/kg (this area-
to-mass range is approximately half of the Herschel area-to-mass range). The correspondent βmin is 2.1
·10−4 and the βmax is 0.02446. The initial β for Gaia is 8.98 · 10−5 which correspond to a dry area-to-mass
of 0.058702 m2/kg. The peaks are due to the fact that, along one trajectory, the spacecraft motion oscillates
around the Hill’s curves. The dry mass of Gaia is 1392 kg; therefore, the minimum overall area required is
around 187.92 m2. The initial reﬂective area of Gaia is 69 m2 of sunshade; therefore, the deployable delta
area required is 118.92m2 (10.9 m span for a squared ﬂap or additional EOL device). Finally, it is interesting
to compare the equivalent ∆veq, Figure 8b with the traditional ∆v (Olikara et al.7 and Van Der Weg et
al.6) in Figure 8c. In the case of using a traditional propulsion system the energy is decreased rather than
increased by giving a ∆v to close the curve. For this traditional case it is not always possible to perform the
manoeuvre close to the departing epoch from the initial orbit as the white area in Figure 8c is representative
of the forbidden region; where, the manoeuvre can not be given. This does not happen when exploiting SRP
in the CR3BPs since also the shape of the potential is changing; however, this does not hold in the ER3BPs
as it will be discussed later.
DESIGN OF THE UNSTABLE MANIFOLD: SENSITIVITY ANALYSIS
A ∆v manoeuvre is required to inject the spacecraft on to the selected unstable manifold. A sensitivity
analysis on the required deployable area is done as a function of the orientation angles of the ∆v and its
magnitude. The orientation angles are expressed with respect to the rotating system where α is the azimuth
deﬁned within - π/2 and π/2 and δ is the elevation deﬁned within −π and π as shown in Figure 9. Four
leavingpointsalongGaia’s orbitareselectedforthedeparture,whenthetrueanomaly(f0)oftheEarth+Moon
is equal to 0 (perigee), 90, 180 (apogee) and 270 degrees and the magnitude in the ∆v changes by 0.1, 1,
10 and 100 m/s. Of course, the proposed strategy is convenient only if small ∆v is required to inject a
spacecraft on the manifold. The change in the ∆v direction results in different trajectory legs departing from
the same initial point of the LPO. Eq. (3) is integrated for 1 year and 15 years, where the area required for
the deployment is computed as in Eq. (28) along each point that lies on the trajectory leg.
11Figure 9: ∆v orientationangles: azimuth, α, and elevation, δ, with respect to the synodical reference frame,
{x,y,z}.
Figure 10 and Figure 12 show the minimum area-to-mass ratio required along departing trajectory legs
leaving the LPO at four points: when the Earth+Moonis at f0 = 0, 90, 180 and 270 deg. For the four selected
leaving point from the LPO several trajectories legs are computed as a function of the injection ∆v and its
orientations angles. The trajectories evolution is computed by integrating Eq. (3) for 15 years and 1 year as
shown in Figures 10 and 12 respectively. In both integrations, the solutions have a symmetry in the out-of-
plane angle, δ. There is no symmetry in the in-plane angle, α, and the solution is not always feasible in α
(white area in Figure 10-12), as these correspond to inward trajectories toward the Sun.
In Figure 10 four leaving point, f0, are considered where the injection ∆v is 0.1 m/s and the area-to-mass
ratio is function of the ∆v orientations angles. Figure 10 shows solutions after 15 years of integration, where
it is possible to achieve lower area-to-mass ratio with longer simulations since the deploymentis done further
away from SL2, as already proved in the CR3BPs study.4 However, for longer simulation there is no evident
advantagein the choice of the departingpoint fromLPO (positionof the Earth+Moon)since the area-to-mass
required is almost of the same order of magnitude. Note that from a mission operational point of view, it is
preferable to perform the deployment within 6 months,18 thus the same study was investigated for 1 year of
integration time in Figure 12.
Figure12representsthe minimumarea-to-massratiorequiredalongeach trajectorydepartingfroma single
point from the LPO, f0, with a ﬁxed magnitudein the ∆v and a change in the ∆v orientationsangles. Images
in the same row in Figure 12 have the same departing point from the LPO, while each column in Figure 12
have the same ﬁxed ∆v. In Figure 12, the ∆v is increased along each row of ﬁgures from left to right.
By increasing the ∆v as you move from Figure 12a straight to Figure 12d, it can be seen that the white
area is increased. This correspond to regions where α identify inward trajectories (towards the Sun) that are
discarded since our interest is to dispose the spacecraft in the further side of L2. Moreover, the effect of
increasing the ∆v corresponds to a higher area-to-mass ratio required for the closure within one year. This
is due to the increasing spacecraft velocity as the energy of the system is increased; thus, the zero-velocity
curves are opened further and a higher area-to-mass ratio is required to close them at SL2.
In some cases, when the ∆v is too high as in 100 m/s, the optimiser gives the maximum theoretical value
of βmax = 1 (maximum area-to-mass ratio = 653.59 m2/kg). Thus, in this case the closure is not achieved.
For departing trajectory legs when the Earth+Moon is at a value of f0 between 180 and 360 deg, the overall
area-to-mass ratio required is lower for low ∆v (Figure 12). Table 1 and 2 show the minimum area-to-mass
ratio required from the solutions presented in Figure 10 and 12 respectively.
It should be noted that there is no one consistent solution of α and δ that guarantees a minimum area-to-
mass ratio for any point in the orbit. But we can pick an optimumvalue from α and δ for any given trajectory.
Future work to be performed is to ﬁnd the optimum α and δ for a given injection ∆v that minimise the area-
to-mass ratio. The minimum area-to-mass ratio does not always correspond to the maximum distance of the
spacecraft from the barycentre since in the ER3BPs the solution depends on other parameters as it will be
12Table 1: Minimum area-to-mass ratio required in 1 year.
∆v [m/s] f0 = 0 [deg] f0 = 90 [deg] f0 = 180 [deg] f0 = 270 [deg]
0.1 0.058977 0.0587 0.05896 0.0587
1 0.058985 3.399 0.059986 0.0587
10 0.0587 0.0587 0.0587 0.0587
100 0.41341 0.436 106.957 653.594
shown later.
The results in Figure 10 and Figure 12 come from 480 solutions in δ (30 angles) as a function of α (30
angles), the magnitudein ∆v (4 values) and the departingpoint from the LPO (4 points). Each solution is run
for 1 and 15 years of integration time. As previously shown there is almost symmetry in δ; thus, it is possible
to focus the analysis to half of the solutions. A particular case is when δ = −90 or 90 deg, where the solution
does not depend on α. In this case the solution is constant and continuous in α as shown in Figure 11 and
Figure 13. Thus, this simple scenario allows the evolution of the forbidden region as a function of ∆v and
the leaving point from the LPO to be explored. The forbidden region are points along the trajectories, where
after the deployment the motion of the spacecraft is not been restricted to the desire space outside L2.
From ﬁgure 11, it should be noted that the solution is consistent for all values of α. This is also demon-
strated in Figure 13a, where the solution is independent of α. The minimum area required corresponds to a
large distance along the trajectory from the zero-velocitycurves. In same cases, the minimum correspondsto
a perigee solution (circle in Figure 11a), but this depends on the initial true anomaly, f0, of the Earth+Moon
when leaving the LPO. The peak in Figure 11b corresponds to solutions where the spacecraft makes contact
with the zero-velocity curves and the correspondent discontinuity in the peak is due to the appearance of the
forbidden region. The bold line in Figure 11b shows when the solution has a β less than or equal to 0.02446
which is the maximum lightness parameter found for Gaia in the CR3BPs study.
Figure 13 shows the minimum area-to-mass ratio required along the trajectory leg. As before, the row
of images within the ﬁgure correspond to the same departing point from the LPO, while the columns rep-
resent solutions with different magnitude in the ∆v. The white area in the sequence of ﬁgures in Figure 13
correspond to the forbidden region, where the solution does not exist.
Figure 14 shows the evolution of the area-to-mass ratio when δ is less than or equal to zero degrees since
we exploit the symmetry in δ of the solution. The ∆v to leave the LPO is 1 m/s and the departure point from
the LPO is when the Earth+Moon has a true anomaly of 270 deg. Starting with δ = −180 deg in Figure 14a,
δ is steadily increased so that in Figure 14f δ reaches a value of -90 degrees. Finally, a value of δ = 0 deg is
achieved in Figure 14l. The sequence of ﬁgures shows how the forbidden region evolves (discontinuity in α)
by changing the out-of-plane angle, δ. As δ is increased from -180 deg to less than -90 deg, the number of
feasible area-to-mass ratio solutions is shown to be increased. This correspondto a reductionin the forbidden
region. From Figure 14a to Figure 14e the inﬂuence of α can begin to be seen; therefore, this results in the
increase of the area-to-mass ratio required. A different behaviour is seen in the data when δ increases from
-90 deg to 0 deg (Figure 14g-14l). It can be seen that the forbidden region increases, as demonstrated by the
discontinuity (white area), and a lower area-to-mass ratio is achieved with higher α; where, in some cases,
the forbidden region vanishes.
Figure 15 displays the same simulation case as shown in Figure 14 but, in this case, the sequence of ﬁgures
shows how the forbidden region and the discarded trajectories evolves (white area) by changing the out-of-
plane angle, δ. For example, from Figure 15a, 15b, 15c and 15d the entire horizontal white area (for α
ﬁxed) represents the discarded trajectories; while, the white area, in correspondence of existing solutions for
α ﬁxed, represents points along the trajectory, where the solution will be after the closure in the forbidden
region as previously shown in Figure 14a-14d. In the case of EOL disposal within 1 year, the minimum area
required is small for value in δ close to zero and positive values of α.
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Figure 10: Minimum area-to-mass ratio required for the zero-velocity curves closure as a function of the
departing point from the LPO when the Earth+Moon is at speciﬁc epoch (f0) and the ∆v orientation angles
with magnitude of 0.1 m/s for 15 year of integration.
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Figure 11: Solution departing when the Earth+Moon is at f0 = 0 deg (perigee), δ = −90 deg and ∆v = 0.1
m/s.
Table 2: Minimum area-to-mass ratio required in 15 years.
∆v [m/s] f0 = 0 [deg] f0 = 90 [deg] f0 = 180 [deg] f0 = 270 [deg]
0.1 0.0587 0.0587 0.0587 0.0587
1 0.0587 0.0587 0.0587 0.0587
10 0.0587 0.0587 0.0587 0.0587
100 0.1404 0.436 0.54181 0.176
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Figure 12: Minimum area-to-mass ratio required for the zero-velocity curves closure as a function of the
departing point from the LPO when the Earth+Moon is at speciﬁc epoch (f0) and the ∆v orientation angles
and magnitude for 1 year of integration.
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(k) f0 = 270 deg and ∆v = 1 m/s.
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(l) f0 = 270 deg ∆v = 10 m/s.
Figure 13: Minimum area-to-mass ratio required for the zero-velocitycurves closure as a functionof α with
δ = −90 deg for 1 year of integration when departing from the LPO at speciﬁc Earth+Moon epoch (f0).
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Figure 14: Area-to-mass ratio required for the zero-velocity curves closure along the trajectories as a func-
tion of the out-of-planeδ and the in-planeangle α, when the Earth+Moonis at f0 = 270 deg on the departing
point of the LPO, ∆v = 1 m/s and the integration is over a period of 1 year.
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Figure 15: Area-to-mass ratio required for the zero-velocity curves closure as a function of the out-of-plane
δ and the in-plane angle α, when the Earth+Moon is at f0 = 270 deg on the departing point of the LPO,
∆v = 1 m/s and the integration is over a period of 1 year.
AREA REQUIRED ALONG A SELECTED MANIFOLD
From the sensitivity analysis in the unstable manifold, a manifold is selected in which the ∆v orientation
angles are δ = −90 deg and α = 0 deg. As said, the solution is, in this case, simple and independent to α.
This simpliﬁed case helps to identify which parameters inﬂuence the minimumarea-to-mass ratio requiredin
the ER3BPs. The magnitudein the ∆v is 1 m/s. The minimumlightness parameterrequired,β, is 8.98·10−5,
which correspond to a minimum area-to-mass ratio of 0.0587 m2/kg as shown in Figure 18a. The previous
solutions are oscillating due to three main effects: the spacecraft’s distance from the barycentre shown in
Figure 18b, the position angle with respect to the barycentre in the synodic frame, θz = tan−1(y/x), Figure
18c, and the true anomaly of the Earth+Moon along Gaia’s trajectory in Figure 18d. In this case, the exact
area required for the zero-velocity curves closure along the manifold was found. Note that this value is the
required β to instantaneously close the curves. However, it is important to verify how many years of zero-
velocity curves closure we can guarantee after the deployment. This is done in next section where the effect
of the true anomaly on to the EOL disposal is investigated.
Effect of the true anomaly
The effect of the true anomaly is investigated for four trajectories departing from Gaia’s orbit at speciﬁc
epochs, when the Earth+Moon barycentre is at: f0 = 0 deg (perigee), f0 = 90 deg, f0 = 180 deg (apogee)
18Table 3: Closure margin after the ∆Jmax epoch, when the following trajectory leg is propagatedfor other 30
years.
f0 [deg] β(∆Jmax) margin [%] β(closure) @∆Jmax
0 0.011624023554935 0% 0.011624023554935
90 0.006177396367085 25% 0.007721745458856
180 0.013156635456570 15% 0.015130130775055
270 0.018817978810821 5% 0.019758877751362
and f0 = 270 deg with δ = −90 deg, α = 0 deg and ∆v = 0.1 m/s. Eq. (3) is integrated for 30 years
along each trajectory and the time condition when the gap in the energy is maximum along the manifold
(∆J = Je(SL2) − Je) was identiﬁed (asterisk in Figure 16). As a result of the study performed in the
CR3BPs, we know that the SRP EOL strategy depends not only on the maximum gap in ∆J, but also on the
spacecraft’s distance from the Sun (i.e., the trajectory selected and the point along the trajectory in which the
deployment takes place). Therefore, when computing the maximum ∆J an area margin should be included
to take into account the effect of the distance from the Sun. As already discussed, the perigee is the worst
case scenario, see Figure 3; thus, it is expected that, the maximum gap in ∆J occurs when the Earth+Moon
is at the perigee. For each trajectory we verify that the zero-velocitycurves stays closed for another 30 years.
This process is performed by ﬁnding, along a given trajectory, the epoch in which the maximum ∆J occurs
and performing the EOL disposal deployment at that location. Figure 16 shows that after the deployment the
Jacoby constant of Gaia is higher than the one of SL2 for 30 years and no margin is needed. The condition of
the zero-velocitycurves closure when the Earth+Moon is at the perigee (circle in Figure 16) and apogee (star
in Figure 16) is veriﬁed in Figure 17. Table 3 shows the margin needed in the area deployed to guarantee
the curves closure. Eq. (28) was tested for a trajectory leg leaving Gaia’s orbit when the Earth+Moon is
at the perigee (f0 = 0 deg), where Eq. (3) is integrated for 100 years. At each point of the trajectory, the
area required is computed as in Eq. (28) and after the deployment the closure of the zero-velocity curves
was veriﬁed for other 100 years of integration. For this speciﬁc trajectory, it seems that for departure at the
perigee an area margin is not required for the closure of the zero-velocity curves; while, in the other three
cases a margin is necessary for the closure within 30 years. Thus, a margin in the area should be included in
the results and it’s value will depend on how many years of zero-velocity curves closure we want to achieve.
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Figure 16: Jacoby constant of Gaia and SL2 along a trajectory departing when the Earth+Moon is at the
perigee after the deployment at ∆Jmax. The following trajectory leg is propagated for other 30 years.
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Figure 17: Gaia zero-velocity curves along a departing manifold at the Earth+Moon perigee, when the
following trajectory leg is propagated for other 30 years after the deployment.
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Figure 18: Evolution of the area-to-mass ratio, the distance from the baricenter, the position angle, θz, and
the true anomaly of the Earth+Moon along the unstable manifold for 6 years.
20CONCLUSION
This paper proposes an end-of-life strategy which uses a solar radiation enhancing deployable device to
close the zero velocity curves at the pseudo Lagrangian point SL2, preventing the spacecraft’s Earth return.
The analysis focusedon studyingthe motionof the spacecraftafter the deploymentof a deviceat one location
along the unstable manifold. The conversion from the ephemeris model to the synodic coordinates in the
elliptical problemis presented. A sensitivity analysis is performedin the section of the unstable manifolddue
to uncertainty in the orientation of the injection ∆v. Moreover, it is demonstrated that the condition of zero-
velocity closure in SL2 does not always guarantee the closure for several years; thus, an area margin should
be included. After ﬁxing the orientation angles for the ∆v, the area-to-mass ratio has been computed along
one entire unstable manifold. Future work will include an uncertainty analysis on the lightness parameter,
the couple of orbital and attitude dynamics and the design of the deployable auto-stabilised structure.
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